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Abstract

Join calculus, usually presented as a process calculus, is suitable as a foundation of both
sequential and concurrent programming. We give a new operational semantics of join calcu-
lus, expressed as a reduction system with a single reduction rule similar to § reduction in
lambda calculus. We also introduce a new Hindley /Milner style type system for join calculus.
Compared to previous work, the type system gives more accurate types of composite and
mutually recursive definitions. The type system’s soundness is established by showing that
our reduction rule keeps typings invariant. We present an algorithm for type inference and
show its soundness and completeness.

1 Introduction

Foundational work on programming has been based traditionally on some variant of lambda cal-
culus [Chub1], e.g. [Plo75, Fel88, Mog89, CF91, ORH93, AFM*95]. These calculi, ideally suited
to sequential programming, are increasingly at odds with modern programs which are reactive
in their interfaces and concurrent in their implementation. Process calculi such as 7 calculus
[MPW92, Bou92, HY93] or fusion calculus [PV98] express the interaction aspects of computation
well but lack abstraction when it comes to encoding functional and sequential computation. Laws
of sequential programming usually can be recovered only with the aid of sophisticated type systems
[PS93, KPT96] or name sortings [Ode95b].

Join calculus [FGLT96, FG96] can provide a unifying basis of call-by-value functional program-
ming, sequential imperative programming and concurrent programming, and at the same time is
simpler than previous calculi which try to model some combination of these areas [Bou89, Ode95a,
Bou97]. As such it seems well suited to take over from lambda calculus as a generally agreed-upon
foundation of programming. Join calculus has traditionally been introduced as a process calculus,
and its operational semantics has been explained as a chemical abstract machine [BB90, FG96].
We show in this paper that join calculus can be regarded equivalently as a concurrent version of
lambda calculus, with an operational semantics expressed as a reduction system. Our presentation
of join calculus has a single reduction rule, similar to By -reduction in the call-by-value lambda
calculus.

The motivations for this new view of join calculus are twofold. First, it strengthens the ties to
lambda calculus and functional programming, which should help in carrying over results estab-
lished in these areas. Second, it arguably brings with it important simplifications in the presen-
tation of the calculus, which helps in explaining its concepts better and in streamlining proofs
of technical results. For instance, the proof of our subject reduction theorem could be simplified
considerably by basing it on a reduction system instead of a chemical abstract machine.



The second contribution of this paper is a revised and strengthened Hindley/Milner style type
system for join calculus. Implicit polymorphism, common in functional languages, has been dif-
ficult to adapt to process calculi [Tur93]. Join calculus is an exception. Indeed, Fournet et al.
[FLMRI7] have proposed a Hindley/Milner style type system which provides a sound typing of
joins. However, their type system still lacks polymorphism when compared to standard practice
in functional programming. For instance, in a mutually recursive definition such as

even(xs) = isEmpty(xs) || odd(tail(xs)),
odd (xs) “isEmpty(xs) && even(tail(xs))

their type system would force even and odd to have monomorphic type. By contrast, in most
typed functional programming languages such a composite definition would be encoded by the
type checker as a fixed point operation in a let, and even and odd could both have the poly-
morphic type Va.List a — Boolean. The functional view of mutual recursion as a fixed point
operation is incompatible with joins on the left-hand sides of definitions. However, we show how
the polymorphism present in functional programs can be recovered by a new typing rule for local
definitions.

The rest of this summary is structured as follows. Section 2 explains join calculus informally, by
means of small example programs. Section 3 introduces the untyped join calculus as a reduction
system. Section 4 presents our type system. Section 5 shows that the type system is semantically
sound. Section 6 presents a type inference algorithm and shows that it is sound and complete.
Section 7 concludes.

2 Background

Join calculus provides a simple kernel language in which call-by-value functional programming,
sequential imperative programming, and concurrent programming can all be expressed. It can be
characterized as a name-passing lambda calculus, extended with parallel composition and a simple
construct for the synchronization of parallel computations. Here’s an example of a one place buffer
written in join calculus:

put(k, x) & empty() = k(O & full(x),
get(k) & full(x) k(x) & empty()

Two mutually recursive equations define four functions, put, get, empty and full. The & operator
represents a fork (or parallel composition) on the right hand side of an equation, and a join on the
left-hand side. Join calculus programs can be given a simple reduction semantics. In the example
above, if a call to get (1) and a call to full(y) are present, then the two calls are rewritten to the
term 1(y) & empty(). A single call to either get or full would block until its partner is present.

Note that this is similar to the execution of Petri nets [Rei85], with function calls corresponding
to places and equations corresponding to transitions. In both systems, a transition (equation)
fires (rewrites) if all incoming places have tokens (all left-hand side calls are present). But join
calculus programs have considerably more power than Petri nets since calls can carry arguments
and definitions can be nested.

Note also that the example above uses continuation passing style. Instead of returning a result
directly, functions pass their result to a continuation argument, usually named k. Basic join
calculus enforces continuation passing style, but it is possible to define direct style extensions,
which are mapped to basic join calculus via a continuation passing transform.

If we leave out the & operator, join calculus can be seen as a minimal functional language. For
instance, here is the definition of function composition in join calculus:



compose(f, g, k) = def
h(x, k2) = def
ki(y) = £(y, k2)
in g(x, k1)
in k(h)

If we don’t insist on continuation passing style, the function can be written in a more concise and
familiar way as follows:

compose(f, g) = def h(x) = £f(g(x)) in h
Finally, join calculus can also be seen as a basis for imperative programming, since a mutable
reference can be encoded by the following two definitions of a reader function get and a writer

function put, coupled via an internal function state.

get(k) & state(x) = k(x) & state(x),
put(y, k) & state(x) k() & state(y)

In [FLMR97] Fournet et al. have shown that the close correspondence of join calculus with func-
tional languages extends to type systems. They have adapted the popular Hindley/Milner system
[Mil78] to join calculus, providing a sound typing of effects. Their idea is that in a definition where
several functions are defined only type variables that appear in the type of a single function can
be generalized. This restriction prevents type variables that appear in the types of two or more
functions in a join pattern from being generalized. Such a generalization would be unsound since
it would break the coupling of the types of the co-defined functions. Their approach provides a
sound typing of references via their encoding into join calculus. No special treatment like weak
type variables or effect types is necessary. Note however that join calculus provides a trivial form
of value polymorphism [Wri95], since defined names are always functions.

For instance, in the example above the most general types for get, state and put are:

get s (a—0) >0
put (o, () 2 0) =0
state : a—o

Here, 7 — ¢ is the type of a function with parameter 7 which does not return a result. None of
these functions is polymorphic since each function shares its type variable o with all others.

This is all as it should be. However, the Fournet et al. system suffers from an annoying shortcom-
ing: Functions whose types share type variables because one function calls the other are treated in
the same way as participants of join patterns, and therefore cannot be polymorphic. For instance,
in

f(x, k) = g(x, k),
glx, k) = k(x)

neither f nor g could be given their polymorphic ML-type Va.(a, @ — ¢) — ¢. One could imagine
that the problem can be side-stepped by rearranging definitions after a dependency analysis. In
our example, the definitions of g and £ could each in turn be checked and generalized individually,
thereby eliminating the unwanted coupling of type variables. But this approach breaks down when
f and g are mutually recursive, since in this case neither can be checked without the other. The
usual ML encoding of mutual recursion via a fixed point combinator is not generally applicable
either since such an encoding does not take join patterns into account. Fournet et al. thus provide
a sound type system for join patterns at the expense of an overly monomorphic typing of composite
definitions.



In the following sections, we present a type system of join calculus that allows mutually recursive
functions to be polymorphic. Its main novelty is a new rule for local definitions which regards gen-
eralization of bindings as a fixed point operation. Soundness of the new type system is established
by giving an untyped operational semantics with structural equivalence rules and a [ reduction
rule, and showing that types are invariant under both equivalence and reduction. We also present
a type inference algorithm for our system and show its soundness and completeness.

3 The Untyped Core Calculus

In this section we present our version of the untyped join calculus. The main difference compared to
the original treatment [FGLT96, FG96] is that we express the operational semantics as a reduction
system rather than as a chemical abstract machine. This streamlines both the presentation and
the proofs. The syntax of our core calculus is given as follows.

Names a,b,e, ..., x,y,2

Terms M = defDinM | z(y) | M& M
Definitions D = L=M| D,D | e

Left-hand sides L = z1(7) & ... & z,(7,) (n>1)

Meta-Syntactical Convention. For any expression X, we use X to indicate a sequence X1, ...,
of X’s, where n > 0.

As terms M we have function calls z(7), parallel composition expressed using the & operator, and
local definitions, def D in M. A definition D is a possibly empty set of rewrite rules L = M. The
left hand side of a rewrite rule is a join pattern x1(y,) & ... & x,(7,,), which defines a sequence of
function names with their arguments. We require join patterns to be linear. That is, all function
symbols in a join pattern must be pairwise different, and all function arguments must also be
pairwise different. The right-hand side of a rewrite rule is an arbitrary term. The rewrite rules in
a definition can be directly and mutually recursive.

The original treatment of join calculus used (|) for parallel composition and joins. We have changed
this to (&) since joins and parallel composition represent conjunctions of events, whereas (|) is
associated with logical or.

Definition. The set of defined names dn(L) and the set of local names In(L) of a left-hand side
L are defined as follows.

dn(z1(7,) & ... & 2, (7,)) {1, ..., 20}
n(z1(m) & ... &an(y,) = {Hi}U...U{7,}

The sets of local and defined names In(D), dn(D) of a definition D are the union of the corre-
sponding sets In(L), dn(L) of all its left hand sides L. The set of free names fu(M), fn(D) of a
term and a definition are recursively defined as follows.

fn(def D in M) (fn(D) U n(M))\dn(D) fn(L=M) fn(M)\In(L)
fn(z(y)) = {z,7} (D1, D) n(Dy) U n(Ds)
fn(My & My) = n(M;)Ufn(Ms) fn(e) =0

All names occurring in a term M that are not free in M are called bound in M.



Hygiene condition. We assume that the set of free and bound names of every term we write
are disjoint. This can always be achieved using a suitable a-renaming (see below).

Definition. A renaming is an idempotent map from names to names that is the identity except
on a finite number of names. We let 6 range over renamings. We write dom(6) for the set of names
where 6 is not the identity, and codom(6) for its image under 6.

Definition. Structural equivalence = is the smallest compatible equivalence relation between
terms that satisfies the following laws.

1. a-renaming:

def D in M def 6D in M if dom(#) C In(D) A codom(f) Nfn(D) =0
def D in M def D in OM if dom(#) C dn(D) A codom(#) N fn(D, M) = 0.

In both equations we assume that € is one-to-one.

2. (&) on terms is associative and commutative:

M1 & MQ M2 & Ml
My & (Ms & Ms) (My & My) & M;

3. (,) on definitions is associative and commutative with € as an identity:

Dy,Dy = Ds, Dy
Dla(D27D3) = (D17D2)7D3
D,e = D
4. Scope extrusion:
(def D in My) & My = def D in (M; & Ms) if dn(D)Nfn(Ms) =0

In the following, we will always identify terms that are structurally equivalent.

Definition. Reduction — is the smallest compatible relation that satisfies the g-reduction law:
def D,L =M in R[L] — defD,L =M in R[OM] if dom(6) C In(L)

Here R is a reduction contert that determines where reductions can take place. The set of all
reduction contexts is given by the following grammar:

R = []|defDinR | R&M | M&R

The expression R[M] denotes the reduction context R with its hole filled with M.

The possible shapes of reduction contexts determine which calls can be “executed”, replacing
some calls by the right-hand side of their corresponding definition. Generally, all calls can be
executed except those that are part of the right hand side of some local definition. The definition
of allowable redexes via a reduction context is common in sequential programming, however, the
term evaluation context is usually employed. We have changed that name since there is nothing
to evaluate in continuation passing style join calculus.

The operational semantics given here corresponds closely to the original treatment [FGL196].
Where we use term reduction of def D,L = M in R[AL], they use reduction in a chemical
abstract machine with a “molecule soup” that contains L and an environment that contains the
definitions D, L = M and all definitions in R. We don’t need their heating and cooling rules that
transfer definitions from the soup to the environment and back. Our structural equivalence is also
similar to theirs, except that we don’t have a law that fuses several definitions (i.e. their SSAND



rule would correspond to an equivalence def D in def D’ in M = def D,D’ in M which is
absent in our setting). This rule, which simplifies their chemical abstract machine reduction, is not
necessary for our term reduction. Notably the fusion rule also breaks subject reduction; for this
reason the original typed treatment of join calculus [FLMR97] abandons the law and introduces
structured environments.

4 Type System

The syntax of types, type schemes, and environments is given as follows.

Type variables «, 3,y

Types T = a|(f,..., ) >0
Type schemes o = 7 | Va.o
Environments A = z1:7, ..., %Zp:Tn

I' = z1:01,...,2,:0,

Types are either type variables or function types. The result part of a function type is always ¢
which stands for “undefined”. As in the Hindley /Milner system we distinguish type schemes from
types. Unlike types, type schemes can be polymorphic; that is they can contain universally quan-
tified type variables. Environments I' bind names to type schemes. We distinguish monomorphic
environments A as a subset of environments which bind all names to types.

We will need several functions and operators on environments. The domain of an environment
dom(T") is the set of identifiers defined in the environment. The set of type variables occurring
free in some type in I is written tv(T"). The (,) operator on environments is associative, with the
empty environment as left and right identity. The operands I'; and I'y of a composite environment
(T'1,T'3) are required to have disjoint domains. Proof trees where this requirement is violated are
not considered valid. T'; @ I'y denotes the concatenation of the environments I'y and I's, where a
binding in I'; replaces any binding of the same name in I';. T’y UT's denotes map union of the two
environments I'; and I'y, where it is required that names bound in both environments are bound
to the same type.

There are three forms for typing judgements, which apply to identifiers, definitions, and terms:
to The identifier x has type scheme o.

x
L =M :A Therewrite rule L = M produces environment A.
M:o The term M is well-typed.

= =
T T T

A typing judgement is valid if it is derivable by applications of the typing rules given below.

I' - x: Vo
(TauT) ' F z:0 (x:0€l) (VE) i

'k z:[r/a)o

T - L=M:A]

F'e@,:7T1, ..y Yy :Tn) F M:o
(EQN) (yl 1 Yy ))

PEai(g)& ... &z, (g,) =M :(x1:(T1) >0 ..., 2 (Tn) — ©)



PEa:(r,...;Tw) =0 'tyr:mm ... TFoy,:ma
Fl—m(ylv"'ayn):o

(App)

F"M1:<> F"MQZO
Fl—Ml&MQIO

(PAR)

F@(AlLJUAn)'—DlAZ P@(PQUUP;)FAZ genl"é (izl,...7n)
(DEF) Pe (T U...UT.) F M:o
' defDq,...,D,in M:o

Rule (DEF) uses an auxiliary judgement I' = A gen I which states that under the global
environment I', the environment A may be generalized to I'V. Deduction rules for this judgement
are given below.

' H A gen (z:0,I)

RerL) T' H A A VI
( ) sen (V1) ' - A gen (z:Va.o,I7)

(a & tv(I,17))

These rules are the equivalent of the (VI) rule of the Hindley/Milner system. They embody the
restriction of join calculus that type variables which appear in the type of more than one function
of a left hand side may not be generalized.

The (DEF) rule embodies the main innovation of the type system we present. It uses a double fixed
point construction to deal with possible recursion between rewrite rules D;. First, each rewrite
rule D; is checked under the monomorphic environment created by all definitions together. Then
each monomorphic environment is generalized under the polymorphic environment created by all
generalizations together.

It might appear more natural to check each definition immediately under the polymorphic en-
vironment created by all definitions and generalizations. Such a rule can express polymorphic
recursion, which also means that it does not admit complete type inference [Hen93|. Rule (DEF)
splits the single fixed point of the polymorphic recursion rule into two successive fixed points,
which can both be determined by type inference.

Examples We illustrate the expressiveness of the type system with a number of examples.
Consider first the definition of a local channel:

receive(k) & send(x) = k(x)

This will produce the environment (receive : (&« — ¢) — ¢,send : & — ¢). The type variable «
cannot be generalized since it appears in the types of both receive and send.

Next, consider the definition of a channel creator:

newChannel(k’) = def receive(k) & send(x) = k(x)
in k’(receive, send)

Then newChannel has type Va.((a« — ¢) — ¢, — ¢) — ¢) — o. The type variable a can be
generalized, even though it couples the types of receive and send. But both receive and send
are local and thus do not form part of the generated environment

newChannel : ((a — 0) > o, a0 = ©) = 0) — o .



In this environment, « appears only in the binding for newChannel, i.e. the type variable is no
longer shared between several bindings. Therefore, the binding may be generalized.

Finally, consider the following definitions:

f(x, k) & tickQ = g(x, k)
g(x, k) & tick( f(x, k) & k(x)

The (admittedly a little contrived) purpose of this program fragement is to wait for an initial call
of £ (x,k), after which the continuation k is called with the provided argument x on every second
call to tick. The intermediate monomorphic environment A produced by rule (DEF) is

f D (ya—0)— o
g D (ya—0) =0
tick : () —o

This is also the final environment produced by the original join calculus type system [FLMRI7].
By contrast, in our type system the types of £ and g can both be generalized to Va.(a, a — ©) — ©.

5 Type Soundness

In this section, we sketch the proofs of two theorems which state that typings are invariant under
structural equivalence and reduction.

Theorem 5.1 f M =N andI' F M :othenI' - N :o.
Theorem 5.2 (Subject Reduction) If M — N andT' = M :othenI' F N :o.

Subject reduction is as far as we can get in characterizing type soundness for join calculus. It says
that any reduction from a well-typed term gives a sequence of well-typed terms. For sequential
languages, one usually adds the requirement that every typable term which cannot be further
reduced represents an answer. In a concurrent language this requirement would imply that dead-
locks are impossible for typed programs. But our type system is not strong enough to guarantee
absence of deadlocks. Nevertheles, the type system is strong enough to guarantee the absence of
certain kinds of run-time errors. For example, one can guarantee that function calls with a wrong
number of arguments are impossible.

To prove invariance of typings under structural equivalence and reduction, we need two preliminary
lemmas, which can both be shown by standard techniques.

Lemma 5.3 (Context) For all environments I':
VC.II'.VM. T + C[M]:0o <— I I'F M:o
Lemma 5.4 (Weakening) For all environments I', T and terms M:
'M:o = I'l'F M:o
provided (T, T") is well-defined, i.e. dom(T") N dom(T") = (.

To show Theorem 5.1, one shows that all laws of structural invariance maintain typability. This
is non-trivial only for the scope extrusion law, which requires an application of the weakening



lemma. One then appeals to the context lemma to show that the invariance also applies to the
compatible closure of (=).

The key step in the proof of subject reduction (Theorem 5.2) is to show that
't def D,L=MinR[fL]:¢ = T + defD,L =M in R[OM]: o (1)

To show implication (1), we introduce two auxiliary judgements that associate definitions and
contexts with environments. The first judgement, of the form I' - D o, IV, associates a
definition with the environment it is given in rule (DEF’):

't (Di,..., Dyp) tgen (T7U...UTY)

(DEF’)

The second judgement, of the form I' = R :en I'r, associates a reduction context with the
environment represented by all definitions which are visible at the hole of the context. This
judgement is derived from the following rules.
I' - R tgen I ' M:o

I' b R&M igen T

(Ri)) T'F [] gen € (Re)

I' - D tgen IY T F R tgen I
I' - defDin R :pen IV, T

(Bin)

Observe that environment formation with (,) is always well-defined since we assume terms to be
hygienic, so there is no overlap in the environments’ domain.

The key property of the above judgements is:

Lemma 5.5

' RM]:o=3T'g. T+ R genI‘R/\FFRI—M o

I' R en 'R NT\Tp F M:o=TF R[M]:o

Now, to show implication (1), assume its left-hand side is valid and pick an environment I'p
such that I' - (D,L = M) :gen I'p and I''T'p F R[AL] : o. An application of Lemma 5.5
with R = def D,L = M in [ | guarantees that such an environment exists. Next, pick an
environment I'g such that I''Tp F R :{en I'gr and I'I'p,I'r F 6L : o. Again Lemma 5.5
guarantees that such an environment exists. Next, we show that M is typable under the same
environment, that is, I, T'p,I'r F 6M : o. Finally, we obtain I" + def D,L = M in R[0M]: o by
reference to the second implication in Lemma 5.5. With implication (1) established, Theorem 5.2
is now shown by a simple application of the context lemma (Lemma 5.3).

The complete and detailed proofs can be found in appendix 9.

6 Type Inference

In this section we present a type inference algorithm for the type system introduced before. The
basic idea of type inference is adapted from the Hindley/Milner type system with the main dif-
ference lying in the rule for local definitions. Unlike in the Hindley/Milner system, definitions
in Join can be composite and recursive and their left-hand sides can co-define several functions.
To check a composite definition, we examine first the left-hand sides of all its equations, obtain-
ing a monomorphic environment for every defined name. The right-hand sides are typed under
this monomorphic environment. We then generalize the monomorphic environment to a possibly



polymorphic one. Generalization can apply to all type variables that are not free in the enclos-
ing environment, except for those that are present in the types of several co-defined functions.
Soundness and completeness results for our type inference algorithm are given at the end of this
section.

Before presenting the formalization of the type inference algorithm, we introduce some auxiliary
functions in Figure 1. inst(o) replaces the bound type variables in type scheme o with fresh type
variables. Function denv takes a left-hand side of an equation and returns a new type environment
for all the defined names. With function lenv it is possible to map such a type environment for
a left-hand side z1(7;) & ... & z,(7,) to the corresponding local type environment with domain
{1, ..., T,}- Finally, the last two functions mtv and gen are used for the generalization of
monomorphic type environments. For a set of names, mtv returns all type variables that appear
free in more than one of the names types. gen(T', mono, A) generalizes a complete type environment
A by universally quantifying all free variables in types, that are not free in the environment I and
that are not element of the set mono.

nst(Vaq . .. o T) = 1let freshf, ..., 03,
in [ﬂl/ala R ﬁn/an]T
denv(z1 (7)) & ... & 2, (7,,)) = let freshay,...,a, (|y;|=a])
in  [z1:@ — 0, ..., Tyt Oy — 9
lenv([x1 :T1 = 0, o oo, Ty 1 Ty — 9,
r1(71) & ... &xn(7,)) = [Tt s Up: Tnl
mitv(A, V) = Usyevaz, tV(A(@) Ntv(A(y))
gen(T, mono, [x1 :71,...,2n : 7)) = [z1:gen(T,mono, 1), ..., z, : gen(T, mono, 1)
gen(T', mono, T) = let {o1,..., an} =tv(r)\(tv(I') U mono)

in Vai ...op,.T

Figure 1: Auxiliary functions for type inference

The inference algorithm is shown in Figure 2. It is an adaptation of algorithm W introduced by
Damas and Milner in [DM82]. Like the former it reduces a type inference problem to a unification
problem, which can be solved by a standard algorithm mgu. For different syntactic domains of
our core calculus we define separate functions W,, Wi, and Wp.

Type inference for names and terms is straightforward, so we focus our interest on Wp. Given
a substitution ¢ and a type environment I', Wp returns a polymorphic type environment I'
and a new substitution ¢’ for a tuple of definitions D1, ..., D,. For every equation D;, Wp
first determines environments A; consisting of all defined names. Then these environments are
combined into a monomorphic type environment A by unifying types of names that are defined
in more than one A;. Now, for all equations L; = M; type inference is applied to the right-hand
sides M; under a combination of the enclosing type environment I', environment A and the type
environment local to the definition D;. Finally, the types in A have to be generalized. As we
mentioned above, type variables cannot be generalized if they appear free in the types of several
co-defined names. Therefore we have to compute the set of non generalizable variables mono
by applying function mitv to all equations. Every type 7 in A can be generalized by universally
quantifying all free type variables in 7 that are neither free in the enclosing environment nor
element of set mono.

It is obvious that the type inference algorithm terminates, since the expression argument is getting
smaller in each recursive call. Furthermore W is sound and complete in the following sense:

Corollary 6.1 (Soundness) Wy (id,I', M) =¢ = ¢I' = M :o.

Corollary 6.2 (Completeness) YT' = M :o = Wy (id,I', M) = ¢ and ¢ <y .
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Wy : Subx Envx Name — Type

We(9, T, x) = ¢ inst(I'(z))
W i Subx Envx Term — Sub
W (6,05 z (y1, -y Yn)) = let alli=1...n: 7, =W,(o, T, y)
in  mgu(Wa(p,T,2) = 7 — o)
WM((bara MI&MQ) = WM(WM(¢7P1M1)7 Pa M2)
War(6,T, def D in M) = let (¢',TV)=Wp(e,T, D)
in  Wy(¢, T, M)
Wp : Sub x Env x Defn — Sub x Env
Wp(o, T, L1y=M,, ..., L,=M,) = 1let alli=1...n: A;=denv(L;)

Po = mgu(/\a:Edom(Ai)ﬂdom(Aj) Ai(z) = Aj(x))o
A =¢oA1 U ... U ¢,
alli=1...nm
oi = W (di—1, T ® A @ lenv(A;, L), M;)
mono = mtv(dnA,dn(Ly)) U...Umtv(¢d,A, dn(Ly,))
in  (¢n, gen(op,I', mono, ¢,A))

Figure 2: Type inference algorithm

All given and resulting substitutions are assumed/claimed to be idempotent and we write ¢ Sg 0
iff '¢ = 9', and ¥'|yudom(y) = ¥ where dom(¢) = {u|pu # u}. This expresses the fact that ¢ is
a more general substitution than 1 on U. We write ¢ <y 1 if there exists a 1)’ such that ¢ S?}, .

Soundness includes that if M is not typable in an environment I', Wy, (id,I', M) will fail in some
mgu-computation. A notion of principal types is hardly useful here, because the type of a term is
always ¢. The two above claims are special cases of these soundness and completeness theorems:

Theorem 6.3 (Soundness)
We(o,Tyx) =71 = ¢I' - z:7and ¢ =7
W (o, T, M) = ¢’ = ¢T F M:o
Wp(¢,T,D) = (¢/,T") = ¢'T F D igen I"and ¢'T' =T1"
and ¢’ = ¢'¢.
Theorem 6.4 (Completeness) If ¢ < 1 then
Y b a7 = Wy(¢,T,z) = (V,7') and x'7" = x7

YI' = M:o = Wu(o, I, M) =(V,¢")
YL b D iy ¥ = Wp(¢,T,D) = (V,¢/,T") and \'T” C xI"

for some fresh V' and ¢’ g’é’(v) X, where ¢' = ¢ for the first case.

Here, a type scheme V3.7" is called a generic instance of Va.r iff there exist 7/ with [7 /a]r = 7/
and tv(1) N B = 0. We write Va.r C V3.7/. An environment I is a generic instance of I' iff
dom(I”) C dom(T") and for each x € dom(I") we have I'(z) C I"'(x). The relation C is reflexive,
transitive and stable under substitution. C(V') denotes the complement of V' with respect to the

11



set of all type variables. We use the judgement I' = D i, I, which was introduced in the
section on type soundness.

The proofs of these theorems proceed on structural induction on the size of the term to type-check.
The cases W, and W), are easily adapted from standard Hindley/Milner type systems and so is
Wp but for the following generalization lemma, which reflects the new generalization rule.

Lemma 6.5 (Generalization)

Vi. Iy = gen(I',U; mto(Aj,dn(Ly)),A;) = Vi.T@IjU...ull) = A;genl}
Vi.Teo((Tu...ul'y) F A;gen T, = Vi. gen(I',U; mto(A;,dn(L;)), A;) C T

For the first statement we check, that all variables, which are not in tv(I') U {J; mtv(A;, dn(L;))
can really be generalized. The second statement is based on the observations that for arbitrary
I' - A gen I' we have tv(I')Ntv(A) C tv(IV) and tv(A(z;))Ntv(A(z;)) C tv(I(z;))Ntv (I (z5))
for i # j.

7 Conclusion

We have re-interpreted join calculus as a reduction system, and have studied a Hindley/Milner
style type system for it which is more accurate than previous work. This work was motivated
by the desire to develop a simple foundation for languages that support functional, imperative,
and concurrent programming. Current examples of such languages include JoCaml [Fes98], based
on original join calculus, Pict [PT97] or Piccola [ALSN99], based on 7 calculus, as well as CML
[Rep91], Facile [GMP89], or Erlang [AVW93], which are based on different, generally more complex
foundations. We are currently defining and implementing a kernel programming language which
is based on our interpretation of join calculus.
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8 Basic Properities

Starting from this section, we will give technical proofs for subject reduction and the correctness of type
checking algorithm. This section contains lemmas which will be used in both proofs.

Without loss of generality, in the following, we assume that names defined in different definition block are
disjoint (renaming bound names if necessary to avoid name clashes). Then the notation ”@®” will be same
as 7,”. We also use the notation I' = g : 7T to denote the fact that I' - y; : 7; for i« = 1..n. For a tuple @,
the notation |@| denotes the set of its members: |&| = {a1, -, an}-

Now we show that the typability is invariant under type substitution.

Lemma 8.1 PkFa:mg = /ol F 2 [1/a]7
Proof
TFaz:7g z: Yo/ 1o €T A Ta:[F/a]TC
Ik x:7g x Yool € [1p/a]T

[/l + x: [1/a][F/a]Te |o/| N tv(T) =0

=
=
= [/l F x: [[1/a]7/d][1/a]Te
=
= [/l F z:[n/a]ma

O

Note that the rule VI can be safely replaced by the following VI’ without changing the typing.

' - A gen (z:0,T7)
' - A gen (z:Va.o,IV)

(VI') (a € tv(A)\tv(T, 7))

That is, we can assume that the generalized type variable « should always occur in A. For the simplicity
of the following proof, we will use VI’ instead of VI.

Lemma 8.2
to([r/a]) N (tv(AN\t(T,T') =0 AT - A gen IV = [1/oJl + [1/a]A gen [r/o]T”

Proof Induction on the derivation of ' = A gen TI’. The case of (REFL) is trivial. Consider a
derivation where the last step is an application of (VI’):
I' - A gen (z:0,1)

' - A gen (z:Vd'.o,TV) (o’ € tv(A)\tv(T,T))

(V1)

Note that tv([t/a]) = tv(7) U {a}. We have,

(T,z :Va'.0,T7))

(tv(A\tv(T,z : 0,T")) C (tv(A)\tv
M)==0 assumption

A to(1) N (tv(A)\tv(T, x : Vo' .o,
to(r) N (tv(A)\tv(T,z : 0,T")) =
[t/a]l F [r/a]A gen [r/a](x:0,T) IH

4
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o € tv(AN\tv(T,z :Va'.o,T') = o &tv(r) assumption
= o gt([r/al, [T/a]l)
{a}n(tv(A\tv(T,z: 0, 1)) =0 = a¢tv(A)
o Etv(A) AN adtv(A) = a#d
o etv(A) AN atad = o etv([t/a]d)

[T/l F [7/a]A gen [1/a)(z:0,T") A o € tv([T/a]A)\tv([T/a](T,T"))
= [/’ F [7/a]A gen [1/a](z: V' .0, T) VI’

O

Lemma 8.3 ' M:0o = [7/oJI' F M:o

Proof Induction on the size of M. Analyse according to the form of M.
Case M = uv. We infer as follows.
''Fw:¢ = T'Fu:Te—o0o AT F0:7, _
= [/l F wu:[r/a]Ta = o A [7/aJT" & v; i [7/a]rs  Lemma 8.1
= [7/oI' b (uv):0

Case M = M1&M>. By induction.
Case M = def (D1, ..,D,) in N. Then
F def (D1,..,D,)in N : o

Iy d
FreA DA ATOT F A gen T, ATOIY - N:o

=
= (tv(A)\tv(T,T") N (tv(r)u{a}) =0

The last claim is valid because we can always choose type variables in tv(A)\tv(T',T”) to be different from
those in (tv(7) U {a}). It follows that

el F A, gen Iy = [1/oJ@@T) F [1/0]A; gen [r/a]l; Lemma 8.2
Assume D; = x1(7;) & ... & x0(7,,) = N and A; = (z1: (T1) = 0, ..., T : (Tn) — ©), then

= I'®eA® (Y, :T1,.-.-, Y, :7n) b N':0 EQN
= [1/dTOeAD Y, :T1, -, Yy :Tn)) F N :0 IH
= [1/aT®A) F z1(7) & ... &xn(7,) =N :[r/a)(z1: (T1) >0, ..., Tn: (Tn) =) EQN
= [t/a](T@®A) F D;:[r/a]A;

Furthermore,

e+ N:o = [r/a)l®l') F N:o IH
Apply rule DEF, we get

[T/a]T @A) - Di:[r/a]Ai A [t/a](TdT) b [7/alA;i gen [r/a]l; A [t/a](T@®T) F N:o
= [r/a|l' - def (D1,.,Dn)in N : o

O

The last three results can be summarised in the following proposition.

Proposition 8.4 (Stability)
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I' b x:0 implies ¢I' - x: ¢po

' b A gen I' and tv(¢) Ntv(A) C tv([,T”) imply ¢I' - ¢A gen @I
I' - M :oimplies ¢I' - M : ¢

I'  D:A implies ¢I" F D : ¢A

't D :gen IV implies ¢T' = D :igen oI

AR R

Proof 1. By Lemma 8.1.
2. By Lemma 8.2. Observe that tv(¢) N (tv(A)\tv(T,T')) =0 & tv(¢) Ntv(A) C tv(T,T7).
By Lemma 8.3.
Apply ¢ to the antecedent of the rule EQN, then use 3.
Apply ¢ to the antecedent of the rule DEF’, then use 2 and 4.

AN

9 Proof for Type Soundness
This section contains the technical proofs for the type soundness.

Lemma 9.1 (Typing invariant under renaming)
'zt ATy:7F M:o =T F [2/ylM:o

Lemma 9.2 (AC conversion)

' b Mi&Ms : o < I''F M&M; : o

T b M&(My&Ms): o & T F (My&M)&Ms : o

I' - (Dl,Dg) ‘gen I'p < I' B (D27D1) ‘gen I'p

I + Dl,(DQ,D;;) ‘gen I'p & TI' (Dl,Dg),D4 ‘gen I'p
I' = D,e :gen I'p < I'F D gen I'D

Proof The proofs for these results are straightforward. The first two are by proven by observing the rule
PAR, the rest by observing the rule DEF.

Lemma 9.3 (Scope Extrusion) Assume dv(D) N fu(N) = 0, then
Pt (def Din M)& N:o & I' - def Din (M & N) : ¢

Proof Let D be Dy,..,D, forn>1and I' be '} U...UTY.
(=). Assume I" + (def D in M) & N : o,

I+ (defDin M) & N : o

= I'tdefDinM: o ANT'F N:o PAR

= I'oAF D :A ATOT F A gen T, AT®IY - M:o DEF
ATOT - N:o Lemma 10.9

= I'¢I' - M&N:o PAR

~ T F defDin(M&N):o DEF

(«<). Assume I’ + def D in (M & N) : o and dv(D) N fu(N) = 0.

I+ defDin (M & N) : o

= T®OAF D :A ATOT - A, gen T, AT®GT - M& N:o DEF
= I'el' - M:o ANT®I" F N:o PAR
= I'kFdefDinM :¢ DEF
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dv(D) = dom(") A dv(D)N fu(N) =0 Lemma 9.6
= fo(N)Ndom(T') =10
= I'F N:o 7
= T+ (defDin M)&N:o PAR

Proof (of Theorem 5.1). The result follows from Lemma 9.2, Lemma 9.3 and Lemma 5.3.

O

Proof (of Lemma 5.5). Induction on the structure of R. In the following, A and IV denote A U ... UA,
and I'] U ... UTY, respectively.

(=)
Case R = []. Straightforward.

Case R =def D in R;. Then,

I' - def D in Ri[M]: ¢
= T'®AF Di:A AT F A; gen T} A TSI b Ri[M]:0 DEF
= T FD:T"ANTg,. THI + Rt igen Try A TBT Tr, - M:o) DEF' & Ind.
= I' + defDin R; ‘gen ]._‘,7]._‘31 R[]

Case R = R1&M;. Then,

I' - Ri[M|&My :0o = T F Ri[M]:o PAR
= TI'F Ri gen 'R, AR, F M:0o Ind
= I+ Rl&Ml : FRl R&
(<)
Case R = []. Straightforward.

Case R =def D in R;. Then I'r can be written as I'',I"”" where I =Ty U... UT",, we have

I'F defDinRy tgen I',T” = T b D igen I/ ATT F Ry tgen T R
F,FI,FN EM:o A F,F/ F R ‘gen r = F,Fl = Rl[M] Ind.
I'FDiunl' = T®&AF Di:Ti AT®I' - A; gen I, DEF'
= I+ defDian[M] 1O DEF
Case R = R1&M;. Then,
I' m Ri&M, ‘gen I'r = I'F R ‘gen I'r Ry,
'Ry igen ' A I',I'r FM:o = T F Rl[M] igen I'R Ind.
I F Ri[M] gen Tr = T F Ri[M)&M; gen T PAR

O

A few additional structural lemmas are needed in the proofs of subject reduction.

The following lemma shows that typing will be preserved under the polymorphic generalization on any
part of the environment.

Lemma 9.4 (Generalization of Environment) Assume that ' - A gen I", then

reAeIl” 20 = TToel!'el" Fz:0
FreAeIl” F M:o = Tl - M:o
reAeIl” - D:A = Toel’'aI” + D:A
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Lemma 9.5 (Exchange of subenvironment)

IF'el,I's H M:o = Iy F M:o
I'el', 'z - D:A = I, T2, F D:A
rer;,I'n - A genI” = TI,I2,1 - A gen I'”

Lemma 9.6 (DEF)

I + def(Di1,..,Dn)in M : o
= oA F D :A ATOT F A gen T, ATOIY - M:o
A dom(T) = dom(A) = dv(Dn, .., D»)

Proof Simultaneous induction on these three judgements.

There is a subtle issue in the proof of subject reduction, which concerns the invariance of typing under
renaming substitution. Consider a term def zy = M in xz and a renaming 6 = [z/y]|. The reduction will
replace xz, which is equal to 6(zy), by 6M. We are required to show that, under certain environment T,
which includes the typing for x, the derivability of I,y : 7 + M : ¢ implies that I' -+ 6M : ©. In such a
case, one might expect that z,y would be of the same type under the current environment I". This might
not always be true as x could have a polymorphic type, say x : Va.(r — ¢) € I'. Hence, the typability of
xz might not imply that z : 7 but 2 : [7//@]r for some 7'.

A natural question that arises is wether typing could be preserved under such a substitution, that is, the
substitution of names ¥ of types 7 by names Z of types [7//a]7. Lemma 9.7 shows that under certain
conditions, typability can be preserved under such a substitution. This result can be proved by using the
fact that the typability is invariant under a type subsitution for the type variables in the environment
(Lemma 8.1,Lemma 8.2,Lemma 8.3).

Lemma 9.7
LLg:7 = M:0o Alantv@)=0 AT Fz:[7/a]f = T F Z/5M:o
Proof

Ty: Tk M:o A |aln to(T) =0 T,

r

[r7/a]f - M :o Lemma 8.3

Y
F [Z/yIM o Lemma 9.1

O
Lemma 9.8 [Property of gen] Let A = (z1:71, .., Tn:Tn), [ = (21:YQ;.T1, .., Trn:V&r.Tr). Then,
el F Agen IV Ai#j = @ &to(T))
Proof Induction on the derivation of T &' - A gen I". 0
Now we can prove the key result for the proof of subject reduction.
Lemma 9.9 (Key Step Subject Reduction)
I+ defD,L=MinR[0L]:o = T + defD,L =M in R[0M] : o
Proof (Proof of Lemma 9.9). In the following, each pair of T', IV will have disjoint domains, so the notation
I @ T’ will be same as I',T". Let L be z1(3,) & ... & xp(7,). Assume 0 = {Z1/7,, ..., Zp/¥,}. Let D
be D1,..,Dp_1 forn>1, D, be L =M, T bel'y U...UTI, and A be A; U...UA,. Then,

I+ def D,L =M in R[AL] : o

= T®AFD;:A AT®I' - A;j gen T, AT®T - R[OL]: 0 DEF
= T F D gen I’
T'eAFL=M:A,
= An=(T1:T1—=90,.,%:Tp =) ANT®AD® (Y :T1,.,Y,:Tp) F M:o EQN
= FEBF'l—xk:?k—><>/\F@F/@(glz?l,..,gp:?p)I—M:<> Lemma 9.4
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I'eI" F RAL]:o = T@I' Tk O0L:o ATBI' F R :gen I'r Lemma 5.5
= TIelVTr F 21(Z1) & ... & 2p(Zp) : ¢
= FEBF/,FR = l’k(?k) 1O PAR

T T — 0 € An = Iktvak.(?k—)O)GangF,
= TI'el',Tr F Z: [Fk/ak]ﬂ

I' = D :gen " ATel' v R igen I'r A l‘kivak.(FkHO)EF,
= |ag|Nto(T @I, Tr)=10

By Lemma 9.8, @x Nay, = 0. Let [77/a] denotes [t/1 /@1, .., T'n/0n], we have

el - A, gen I, N k#h = @, ¢&tv(Tr) Lemma 9.8
. = [m/0k|Tk = [ /0]Tk
Fol,Tr F Zk: [T/ /0k]Tk = Tl ,Tr t zx:[r/a]Tk
Therefore,

ol Ntv(T @ T, Tr)=0 A TOT',Tr F Zx: [7'/a]Tk
ANT@T, (G :T1., Tp) - M:o

el Tr F OM : o Lemma 9.7
Trerl” + ROM]:o Lemma 5.5
I + def D,L =M in R[OM] : ¢

LR

[l
Now the subject reduction can be proved.

Proof (of Theorem 5.2). The result follows from Lemma 9.9 and Lemma 5.3.

10 Type Inference Proofs

In some places we will write W5, Wi, Wp, and mgu with an additional result parameter yielding all the
fresh variables created in this call. This simplifies the completeness proof. C(U) denotes the complement
of U with respect to the set of all variables.

Lemma 10.1 (Most General Unifier)

1. If ¢’ = mgu(0E) and 6 idempotent then 6’ idempotent and 6’0 idempotent and 8’0 F and dom(#’) C
tv(OF).

2. If 9E and 6 gg(u) ¢ and tv(E)NU = 0, then (V,0') = mgu(0E) exists with 6’60 gg(wu) @.

Definition. We define dom(¢) = {u|éu # u}, codom(¢) = Uuedom(¢) tv(éu) and tv(¢) = dom(¢p) U
codom(¢).

Lemma 10.2 (Comparison of Substitutions) If ¢ <} ¢ then

L. x¢=1.
2. xy = x=9Yx.

Lemma 10.3 (transitivity) If 61 <} o and 62 <{? 1 then 0 <}, to.

Lemma 10.4 (reflexivity) If 61 S?}l 1o then 61 Slél(@) 1.
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Lemma 10.5 (extension) If ¥0 = ¢ and dom(¢’) Ntv(v) = 0 and ¥|codom(y’) = id and 9, ¥ and 6 are
idempotent then 6 Sg(ﬁomw,)) .

Lemma 10.6 (Generic Instance) The generic instance relation is reflexive, transitive and stable under
substitution.

Proof

1. o0 C ¢’ implies ¢po C ¢po’
AssuME: Ya.r C V3.7’
PROVE: ¢Va.r C ¢VB.7'
1.1. Choose 7' such that [7"'/a]r = 7’
PROOF: definition generic instance
1.2. [¢7" /a)¢T = @7’
PROOF: ¢gpa = «
1.3. Ya.¢r C VB.67
PROOF: definition generic instance
1.4. Q.E.D.
PROOF: ¢ga@ =a = ¢f3 =
2. 0Co
ProvE: Va.[a/B|r C V3.7
21. [B/alla/Blr =7
3. 01 C o2 and o2 C 03 imply o1 C 03
ASSUME: 1. o1 C 09
2. g2 g g3
PrROVE: o1 C o3
3.1. Choose Va;.7; = o;
3.2. ¢17’1 = T2
PROOF: assumption 1
3.3. ¢27’2 = T3
PROOF: assumption 2
3.4. g1 Q g3
PROOF: ¢2¢17'1 =173

=

Lemma 10.7 (Generalization)

ogen(T, UZ mitv(A;, dn(L;)), Aj) C  gen(¢T, UZ miv(pA;, dn(L;)), pA;)
Vi. Iy = gen(T,|J, mtv(A;,dn(L;)), Ai) = Vi.Te (I U...UT,) - AigenTy
Vi. T (TiU...uTy,) F A; gen Ty = Vi.gen(T, Uj mitv(Aj,dn(L;)), A;) C T

Proof

1. Statement 1
L1 gen(T,|J, mtv(Ai,dn(Li)), Aj) C A
1.2. ¢gen(T,|J, mtv(Ai,dn(Lq)), Aj) C ¢A;
PROOF: substitution with ¢, Lemma 10.6;1
1.3. tv(¢mitv(A;,dn(L;))) C miv(dA;,dn(L;))
PROOF: definition of mtv, tv(d(tv(As(zk)) Ntv(Ai(x1)))) C tv(pAs(zx)) Ntv(pAs(xr))
14. tv(pgen(T,|J, mtv(Ai,dn(Li)), A;)) C tv(¢l') U J, mtv(¢Ai, dn(Ls))
PROOF: tv(a(tv(A;) N (tv(T) U Y, mtv(Ai,dn(Li))))) C tv(¢l) U, mtv (A, dn(Li))
1.5. QED.
2. Statement 2
AsSuME: Vi. T'; = gen(T, Uj mtv(Aj,dn(Ly;)), A;)
Prove: VT @), T F Ai gen [z : Ti(zr)k=1..5 ® [2r : As(zr)]r=jr1..1
2.1. Case j = 0
Proor: (REFL)
2.2. Case j assuming j — 1
AssuME: T'® Uk F;c A gen [xk : F;(Ik)]kzlmj,1 D [Ij : Al(l‘])] D [zk : Ai(l‘k)]k:jJrlml
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Prove: T'® Uk T, B A gen [zg: Ti(xe)k=1...j—1 ® [z, : Ti(2;)] ® [zr 0 Ai(zr) ] kmjt1..
PROOF SKETCH: If @ are the variables which are generalized, we show, that the @ do not occur in
tv(T), tv(T},) or tv(A;(zx)) for k # 3.
2.2.1. Choose mono :=J, mtv(Am,dn(Ly))
2.2.2. @ =tv(Ai(z;)) — (tv(T') U mono)
Proor: This is the way, gen determines @
2.2.3. antv(l) =10
Proor: tv(T') C (tv(T") U mono)
2.24. antv(T}y) =0
Proor: tv(T'}) = tv(gen(T, mono, Ax)) C tv(T') U mono
2.2.5. k # j implies @ Ntv(A;(xzk)) =0
ASSUME: k # j
PrROVE: @ Ntv(Ai(zg))
PROOF: tv(Ai(z;)) Nt
2.3. Q.E.D.
. T + A gen T implies
1. j # k implies tv(A(z;)) Ntv(A(zr)) C tv(T'(x;)) Ntv(T (xx))
2. tv(T) Ntv(A) C tv(T)
PROOF: easy inductions on derivation of T = A gen T’
. Statement 3
AssuME: Vi.T @ (TLU...UT,) F A; genT;
PRrROVE: gen(T, Uj mtv(Aj,dn(L;)),A;) C T
PRrROOF SKETCH: The idea is that variables, that are generalized somewhere (the V;), are generalized
everywhere (the set V). On the other hand variables, that are in | mtv() or I' cannot be generalized
anywhere.
4.1. Choose V; := tv(A;) — tv(T%)
4.2. Choose V :=J, Vi
43. Vi=tv(A) NV
43.1. V; Ctv(A) NV
PROOF: subset of both components
4.3.2. V; Dtv(A) NV
ASSUME: 8 € tv(A;),B € Vi,B € Vi
PrOVE: False
(4)1. B etv(Iy)
ProorF: tv(T;) = tv(4A;) = V;
4)2. B etv(Ag)
PROOF: tV(Ak) D Vi
(4)3. B etv(Ty)
PROOF: 3;2 and the assumption give tv(T;) Ntv(Ag) C tv(T})
(4)4. B & Vi
PRrROOF: Vi, = tv(Ayg) — tv(T})
4.4. V() =0
AssuME: € V;, B € tv(T)
PRrROVE: False
4.4.1. Betv(A) D Vi
4.4.2. B € tv(TY)
PRrOOF: 3;2 gives tv([') Ntv(A;) C tv(T})
44.3. B ¢ tv(IY)
Proor: tv(T}) = tv(A;) —
4.5. VNnmtv(As;,dn(L;)) =0
ASSUME: 8 € mtv(A;,dn(L;)) and B €V
PRrROVE: False
4.5.1. Choose k # | with 8 € tv(As(zr)) Ntv(Ai(z1))
PROOF: definition mitv
452. fetv(A)NV =V,
PRrOOF: 4.3, 4.5.1 and assumption
4.5.3. B € tv(T(xk)) Ntv(T(x1))
Proor: 3;1

7( Ai(zk)) € mtv(Aq, dn(L;)) € mono

Vi
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454. B2V
PROOF: definition V; (4.1) and 3 € tv(T})
4.6. gen(T,|J, mtv(A;, dn(L i(zr)) C T(xk)
PROOF: F( k) = VVi.A generic instance, V; N
4.7 gen(T,|J, mtv(A;, dn(L ;) CTY
PROOF: deﬁnltlon of gen and C
5. QE.D.

i) A
i(2k),
i) A

Lemma 10.8 (Properties)

1. o C o' implies tv(o) C tv(o’)
2.T F z:0 implies I'(z) C o
3. P(z) C 7 implies" F z:7

Proof

1. o C o’ implies tv(o) C tv(o’)
ASSUME: o C ¢’
PrROVE: tv(o) C tv(o’)
1.1. 7' /alr =1
1.2. tv(o) C tv(o")
PROOF: tv(o) = tv(T) —a— B C tv
2. T F z:0implies '(z) C o
AssuME: T' F z:0
ProvE: T'(z)Co
2.1. Case 0 =T'(x)
PROOF: immediate.
2.2. CaseI' + z:Va.o' and o = [7/a]o’
PROOF: Va.o' C [T/a]o’ and transitivity of C
3. I'(z) C 7 impliesT" - z: 7
AssuMmE: T'(z) C 7

Prove: T'F z:7
3.1. T'(z) =Va.r’ and [7'/a]r’ =1
32. T + x: [T{’/ai]izj,,,nValqu.7"

3.2.1. Case 7 =0
PROOF: immediate.

3.2.2. Case j+1
PROOF: (VE)

Lemma 10.9 (Weakening) If I’ C T then:

'rz:cando Crimply IV + x:7

I' W A gen I implies " - A gen T
I' - M:oimpliesIV - M:o

I' - D:AimpliesIV - D: A

't D igen I' impliesIV = D :gen I'”

SN O

v(l)u Uj mitv(A;,dn(L;)) =0

Proof The proof proceeds by simultaneous structural induction on the derivation of the judgements.

AssuMmE: IV CT
1.TFxz:0ande C7Timply IV + z:7

ProoF: I''(z) C T'(x) C o C 7 by Lemma 10.8;2 and then Lemma 10.8;3

2. T+ A gen I'" implies I - A gen I'”

PRrOOF: For the induction step we use that I'' C I implies tv(I'") C tv(I") by Lemma 10.8;1

3. ' M:oimpliesI" - M:o

ProoF: (APP) and (PAR) are trivial induction steps.

I''el CT @I for arbitrary I'”
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4. T+ D:AimpliesI” - D: A

ProOF: For the induction step we use again I @ T CT & T
5. T F D :gen I'" implies IV = D :gen I

ProOF: For the induction step we use again I & T CT ¢TI

Theorem 10.10 (Soundness) If ¢ idempotent then

Wa(o, T z) =71 = ¢I' - z:7and o7 =71
WM(¢7F7M):¢I = QS,FF M:o
Wp(6,I,D) = (¢/,T') = ¢'T F D igen I' and ¢'T" =T

and ¢’ = ¢'¢ and ¢’ idempotent, where ¢’ = ¢ for the first case.

Proof The proof proceeds by simultaneous induction on the three statements on the size of the term to
type-check.

1. Statement 1
ASSUME: 1. W, (¢, z) =7
2. ¢ idempotent
Prove: 1.¢I' - x:7
2. 97 =1
1.1. o7 =71
PROOF: ¢¢inst(T'(x)) = ginst(T'(x))
12. o' F z: 7
PrROOF: We have I' F z :inst(T'(z)) by I' F x : I'(z), I'(z) C inst(I'(z)) and weakening and then
substitution with ¢
1.3. Q.E.D.
2. Statement 2
AssumE: 1. War(¢p, T, M) = ¢’
2. ¢ idempotent
ProvE: 1. ¢T + M:o
2.¢'p=¢
3. ¢’ idempotent.
2.1. Case =y
2.1.1. Choose 7" = Wy (#,T,z) with
l.¢g' F z:7
2. 97’ =7’
PROOF: induction hypothesis
2.1.2. Choose 7; = Wy (o, T, y;) with
1.oI' F yiimy
2. ¢Ti =T
PROOF: induction hypothesis
2.1.3. ¢' = mgu(_)¢ idempotent
ProoF: Lemma 10.1
2.14. ¢'p=¢
PRrROOF: mgu()pp = mgu(-)é
2.1.5. ¢T + z:¢'7’
PROOF: 2.1.1;1 and substitution with ¢’
2.1.6. ¢T + y:¢'7
PROOF: 2.1.2;1 and substitution with ¢’
21.7. ¢T F x:¢T— o
ProoF: ¢'7" = mgu( )¢t = mgu( )t = mgu()T — o = mgu()¢T — ¢ = ¢'T — ¢ because
2.1.1;2 and 2.1.2;2
2.1.8. ¢T + ay:o
PrOOF: (APP)
2.1.9. Q.ED.
2.2. Case My&Ms
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2.2.1. Choose ¢" = War(¢,T', M1) with
1L¢"T F M:o
2 ¢//¢ _ ¢//
3. ¢"" idempotent.
PROOF: induction hypothesis
2.2.2. ¢' = War(¢",T, M>) with
L¢T F Ms:o
2 ¢/¢// _ ¢/
3. ¢ idempotent.
PrROOF: 2.2.1;3 and induction hypothesis
223. ¢ =
PROOF: ¢'¢p = ¢'¢""p = ¢'¢" = ¢’
924, ¢T F M :o
PROOF: 2.2.1;1 and substitution with ¢’
2.2.5. ¢)IP [ Ml&Mg MR
Proor: (PAR)
2.2.6. Q.E.D.
2.3. Casedef L1 = My,...,L, = M, in M’
¢" will correspond to ¢’ in the algorithm, because we want to use ¢’ for the result.
2.3.1. Choose (¢",T") = Wp(¢,T, L1 = M, ..., L, = M,,) with
1.¢"T F Ly =Mi,...,Ln = M, gen I
9. ¢//F/ -1
3. ¢//¢ _ ¢//
4. ¢"” idempotent
PROOF: induction hypothesis
2.3.2. ¢ = Wa(¢",T ®T’, M') with
1L ¢Tal’) F Mo
9. ¢/¢// _ ¢/
3. ¢ idempotent.
PROOF: induction hypothesis
23.3. ¢'6p=¢'
PROOF: ¢/¢ _ ¢/¢//¢ _ ¢/¢// _ ¢/
234. ¢T F Ly =M,...,Ln = My gen &'T'
PROOF: 2.3.1;1 and substitution with ¢’
2.3.5. Choose A;, I'; with
LT =, 4T
2. T ®¢T' - A; gen ¢'T
3. QS,F@UlA’L B Ly = M; : A\
4 §A = A,
ProoF: (DEF’)~!
2.36. ¢T - def Ly = M, ..., Ln = My in M : o
Proor: (DEF)
2.3.7. Q.E.D.
24. QED.
3. Statement 3
ASSUME: 1. Wp (¢, T, L1 = My, ..., Ly = My) = (¢/,T")
2. ¢ idempotent

PROVE: 1. ¢'T F Ly = Mi,...,Ln = M, igen I
2. ¢'p=¢
3. ¢ idempotent
4 §T =T

3.1. ¢o = mgu(-)¢ idempotent
PROOF: Lemma 10.1
3.2. ¢oo = ¢o
PROOF: ¢o¢ = mgu(-)p¢ = mgu(-)¢ = ¢o
3.3. ¢i = WM(QZ5Z‘71, TeA® lenv(Ai7 Li), MZ) with
2. ¢ipi—1 = s
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3. ¢; idempotent.
PRrROOF: all ¢; idempotent, induction on ¢, induction hyothesis
Proor: (EQN)
3.5. ¢’ = ¢, idempotent
PRroOF: The algorithm returns ¢,
3.6. ¢'¢hi = ¢ for all i
PROOF: induction n to 1: ¢'¢i—1 = ¢’ pipi—1 = ¢'ps = ¢’ and ¢’ ¢, = ¢'¢' = ¢’
37. ¢'dp= ¢
PROOF: ¢'¢ = ¢'¢odp = ¢'o = ¢/
3.8. Choose mono = |J, mtv(¢nA;,dn(L;)) = |J, mtv(¢nA, dn(L;))
PROOF: only the environment on variables from dn(L;) matters
3.9. TV = gen(¢,I', mono, ¢, A)
3.10. Choose I'; = gen(¢nI', mono, dnA\;)
311 TV =, T
312. ¢T' =1, ¢'T, =T
ProoF: dom(¢') Ntv(T;) C dom(¢') Ntv(¢'A;) =0
3.13. ¢TOA) F Li=M;:¢'A;
PROOF: 3.4 and substitution with ¢’
3.14. ¢A=¢'A1U...Ud'A,
PROOF: A = ¢poA1 U...U ¢oA, and substitution with ¢’
3.15. ¢TI’ F ¢'A; gen T}
PRrOOF: by Lemma 10.7, 3.8 and 3.10
PRrROOF: by 3.13 and 3.14
317. ¢T F Li=M,...,Ln = My gen I
Proor: (DEF’)
3.18. Q.E.D.

Corollary 10.11 (Soundness) Wy (id, T, M) =¢ = ¢I' b M : 0.
Proof Let ¢ = id in Theorem 10.10
Theorem 10.12 (Completeness) Assume ¢ <} ¢. Then

YI' + z 7 = Wi(¢,T,z) =V, 7") and X'7" = x7
Y - M :o = Wu(p,I',M)=(V,¢)
YT F D tgen ¥ = Wp(6,T,D) = (V,¢,I") and y'T” C xI”

for some fresh V and ¢’ <X X, where ¢’ = ¢ for the first case.
cw)

V fresh means, that for every given set H (that does not depend on the algorithm result) we can choose
HNY =0.

Proof We proceed by simultaneous induction on the three statements. The induction is on the size of the
last argument to W.

1. Statement 1

AssuME: 1. YT F z: 97

PrOVE: 1. Wy(o,T,2) = (V,7')
2.6 <Eoy X
3. X' =x7

1.1. Write I'(z) = Va.inst(I'(z)), @ = V do not occur in ¢,I", 7, x, ¥, U

1.2. xI(x) = Va.xr’

PrOOF: xI'(z) = x¢T'(x) = x¢Va.inst(T'(z)) = Va.xginst(T'(z)) = Va.x1’
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1.3, XT(x) C xr
PRrROOF: ¢T'(z) C xT, substitution with x and x¥ = x
1.4. Ya.xm' C xr
1.5. [F/alxt’ = xT with xT =7
PROOF definition of generic instance
g <T/ax
PROOF Lemma 10.5
1.7. Q.E.D.
2. Statement 2
AssuME: 1. ¢YI' - M : o

2.0<Can ¥

PROVE: 1. WM(¢,F M)=(V,¢')
2. ¢ <C(V) X

2.1. Case =y

21.1. YT + 2: 7" —woand YT F y: 7 and 7" = x7"
Proor: (APP)™!
2.1.2. Choose (V',7') = Wo(¢,T', z) with
L ¢ <&y X
2. x0T =x7" — o
PRrOOF: induction hypothesis on xI' - z: x7' — ¢
2.1.3. (Vi, 1) = Wa(¢, T, ys) with
L6 <Eiw,) Xin1
2. XiTi = Xi—1T}

PROOF: induction hypothesis on x;—1T" F y; : xi—17; (Lemma 10.3 gives x;—1% = Xi—1)

2.1.4. Xy, unifies 7' =7 — o

PROOF: XnT' = XaXoT = XaXT@ — 0 = (cco,XnXio1T{,...) — ©

XnT — ¢ and xnXi = Xn by Lemma 10.3
2.1.5. Choose (W, ¢") = mgu(t' =7 — o) and ¢’ = ¢" ¢ <C(W) Xn
PRrROOF: Lemma 10.1
2.1.6. ¢' < —C(v/uqu) X
PRrROOF: Lemma 10.3
2.2. @ Ml&MQ
22.1. YyT' F My :0oand YT - My : o
2.2.2. Choose (V1,¢") = W (¢, T, M1) with ¢” <>c<*1(v1) X
Proor: xI' - M; : ¢
2.2.3. (Vz, (25/) = WM((;S", T, Mz) with ¢’ Séz(vz) X1
Proor: xiI' F My : ¢
2.2.4. ¢ SC(VluVQ) X
PRrOOF: Lemma 10.3
2.3. Casedef Ly = My,...,L, = M, in M’
2.3.1. Choose A}, T, TV = Uj T}
2.y dI” + Al gen T
3.y’ - M :o
Proor: (DEF)™!
2.32. YI' = D :igen ¢TI
Proor: (DEF’)
2.3.3. Choose (X,¢",T") = Wp(é,T, L1 = Mi,...,L, = M,) with
1. ¢// <c(x) X
2. x1I'” C xT.
PROOF: induction hypothesis
23.4. yileoxaI” = M’ : ¢
PRrROOF: 2.3.3;2, 2.3.1;3 substituted with x1 each and weakening
2.3.5. (W,¢') = War(¢",T @I, M') with ¢ <X, x1
PRrROOF: mduction hypothesis
236. ¢ <C(WUX) X
ProOOF: Lemma 10.3
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24. QED.
3. Statement 3
AssuME: 1. ¢TI & Ly = Mi,..., Ly = My :igen IV
Prove: 1. (V, ¢, F”) =Wp(¢, T, L1 = My,...,L, = M,)
2. ¢' <C(V) X
3. xX'T" C xI.
3.1. There exist A}, T
LxI" =, T
2. xI, =T
3. XA, = Al
5. xTeJ,T; F A} gen I}
Proor: (DEF’)~!
3.2. (V»L, AZ) = denv(Li)
3.3. Choose 1’ with dom(s)') =V such that ¢’ A;(x) = Aj(x)
PROOF: every variable occurs exactly once and the arities of A;(z), A;(x) are the same as those of
Al(z), Al(x) which are in turn the same as I'j(x), I';(z) which must be equal

3.4 ¢ —g @ X
PrOOF: Lemma 10.5
3.5. 9'x unifies /\zedom(Ai)mdom(Aj) Ai(z) = Aj(x)
PROOF: ¥'xA;(z) = ' Ai(z) = Aj(x)
3.6. Choose (X, ¢() = mgu(/\medommi)ﬁdommj) Ai(z) = Aj(x)) with ¢o = ¢h¢ <C(X) W'x
PrROOF: Lemma 10.1
3.7. X()(F () A) = L =M, : XOAi
PROOF: substitute xo
38. xoT® AP lenv(A;,L;)) F M;:o
PRroOF: (EQN) only rule to derive this
3.9. Choose (Wi, ¢i) = War(pi—1,T & A @ lenv(As, Li), M;) with ¢; <
3.10. Choose mono = (J, mtv(¢nA;,dn(L;)) = |, mtv(¢nA, dn(L;))
PROOF: only variables of dn(L;) matter in the domain
3.11. Choose X' = xn
3.12. ¢' = ¢, and T = gen(dnI', mono, ¢, A)
PROOF: t,his is returned

<Tiow,) Xi-1

3.13. ¢’ <
C VUXUW)
PRrROOF: Lemma 10.3

3.14. X'T @ U]. X'T; F x'Ax gen x'T, for all k
PROOF: identical to 3.1 because tv(I',T',A") CC(VUX UW) and x'Ax = X' A},

3.15. gen(x'l",Uj mtv(x'Aj,dn(L;)), x'A;) C X'T;
PrROOF: Lemma 10.7;3

3.16. x'gen(¢.T, mono, pA;) C x'T%
PRrOOF: Lemma 10.7;1 and transitivity

3.17. x'gen(¢.T, mono, p,A) C x'T’
PROOF: definition of gen

3.18. X'T" Cx'T/ =TI
Proor: tv(I') N (VU X UW) =0

4. QE.D.

Corollary 10.13 (Completeness) v idempotent A YI' = M :o = Wn(id,T', M) = ¢ and ¢ <iy(ry 9.

Proof id Sg(@) 1. Choose (V, ¢) = W (id, T', M) ¢ < C(V) 1. Now tv(I') C C(V) implies ¢ S:ﬁ:(r) Y

27



